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Abstract
By [5] it is known that a geodesic γ in an abstract reflection space X (in the sense of Loos, without
any assumption of differential structure) canonically admits an action of a 1-parameter subgroup of the
group of transvections of X. In this article, we modify these arguments in order to prove an analog of
this result stating that, if X contains an embedded hyperbolic plane H ⊂ X, then this yields a canonical
action of a subgroup of the transvection group of X isomorphic to a perfect central extension of PSL2(R).
This result can be further extended to arbitrary Riemannian symmetric spaces of non-compact type Y
lying in X and can be used to prove that a Riemannian symmetric space and, more generally, the Kac–
Moody symmetric space G/K for an algebraically simply connected two-spherical Kac–Moody group G,
as defined in [5], satisfies a universal property similar to the universal property that the group G satisfies
itself.
1 Introduction
In [5] a symmetric space is defined (following Ottmar Loos [8]) in a very general fashion, allowing for many
different contexts, and is then applied to the Kac–Moody setting. The definition given – and the one which
is also used in this article – is the following:
Definition 1. Let X be a topological space and µ : X ×X → X , (x, y) 7→ x.y a continuous map satisfying
the following axioms:
(RS1) ∀x ∈ X : x.x = x
(RS2) ∀x, y ∈ X : x.(x.y) = y
(RS3) ∀x, y, z ∈ X : x.(y.z) = (x.y).(x.z)
(RS4) ∀x, y ∈ X : x.y = y ⇒ x = y
Then X is called a (topological) symmetric space and µ is called its reflection map. A space satisfying only
(RS1)–(RS3) is called a (topological) reflection space.
A morphism between reflection spaces X → Y is a continuous map φ : X → Y satisfying
φ(x.y) = φ(x).φ(y)
for all x, y ∈ X . In particular, for each x ∈ X the elementary reflection
sx : X → X
y 7→ x.y
provides a morphism of X , in fact an automorphism. Note that a morphism φ : X → Y of reflection spaces
allows one to transport the elementary reflections of X to elementary reflections of Y :
sφ(x)(φ(y)) = φ(x).φ(y) = φ(x.y) = φ(sx(y)).
That is, it is meaningful to denote φ(sx) := sφ(x).
This article is mainly concerned with the category of pointed reflection spaces: every reflection space
is assumed to have a chosen base point, which is most of the time called o – and morphisms other than
reflections are usually required to map basepoints to basepoints.
The subgroup of Aut(X) generated by the elementary reflections is called the main group G(X) of X .
We stress that the assignment sx 7→ sφ(x) induced by a morphism φ : (X, o)→ (Y, o) as discussed above does
not necessarily induce a group homomorphism G(X)→ G(Y ).
The main group has a subgroup of index ≤ 2 called the group of transvections of X , which is generated
by products of pairs of elementary reflections:
Trans(X) := 〈sx ◦ sy | x, y ∈ X〉.
Given a basepoint o ∈ X , one may also define elementary transvections
tx := sx ◦ so,
and one easily sees that these also generate Trans(X). Given an embedding ι : (Y, o) →֒ (X, o) of pointed
reflection spaces, we can consider the restricted group of transvections of X to Y , which is a subgroup of
Trans(X):
Trans(X)
∣∣
Y
:= 〈tι(y) ∈ Trans(X) | y ∈ Y 〉 = 〈sι(y) ◦ so ∈ Trans(X) | y ∈ Y 〉.
With this wording, proposition 2.19 of [5] then implies, that if γ ⊂ X is a geodesic (that is, an embedded
reflection space (R, x.y := 2x− y)), then
Trans(X)
∣∣
γ
∼= (R,+).
In [9], theorem 1.6, a variation of this result is stated and proved that also encompasses not necessarily
injective morphisms (R, x.y := 2x− y)→ X .
If instead of a geodesic one considers an embedded Riemannian symmetric space Y →֒ X , then unlike
for geodesics one cannot expect Trans(Y ) to embed into Trans(X). Indeed, for instance the element
−1 0 00 −1 0
0 0 1

 ∈ SL3(R)
acts non-trivially on the symmetric space SL3(R)/SO(3), but trivially on the hyperbolic plane embedded
into the upper left corner.
This problem arises from the fact that centres of nested semisimple Lie groups generally do not nest.
Our first theorem states that this in fact is the only obstruction.
Theorem 2. Let X be a reflection space and Y ⊂ X an embedded Riemannian symmetric space of non-
compact type. Then Trans(X)
∣∣
Y
is a perfect central extension of Trans(Y ).
This extension theorem yields a result about a universal property that Riemannian symmetric spaces
of non-compact type and, more generally, the unreduced Kac–Moody symmetric space of a two-spherical
Kac–Moody group satisfies.
Recall that any algebraically simply connected semisimple split real Lie group or any algebraically simply
connected two-spherical split real Kac–Moody group G may be defined as the colimit (in the category of
Hausdorff topological groups) of a diagram δ given by copies of SL2(R) and algebraically simply connected
rank-2 split real Lie groups, cf. Theorem 7.22 of [7].
By choosing a Cartan–Chevalley involution of G that normalizes the embedded rank-1 and rank-2 sub-
groups, this yields a diagram δ′ in the category of pointed topological symmetric spaces consisting of copies
of hyperbolic planes and rank-2 Riemannian symmetric spaces of non-compact type.
Our second main result confirms that the colimit of δ′ exists and coincides with the Riemannian resp. Kac–
Moody symmetric space G/K.
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Theorem 3. Let G be an irreducible algebraically simply connected semisimple split real Lie group or an
irreducible algebraically simply connected two-spherical split real Kac–Moody group, θ its Cartan–Chevalley
involution, K := Gθ the fixed point set of θ, and δ′ the canonical diagram of pointed Riemannian symmetric
spaces of ranks one and two embedded into (G/K, o = K). Then
(G/K, o) ∼= colim(δ′).
Acknowledgments: The authors express their gratitude to the Deutsche Forschungsgemeinschaft for
funding the research leading to this article via the project KO4323/13-1.
2 Semisimple Lie groups and Kac–Moody groups
As noted in the introduction, an algebraically simply connected 2-spherical split real Kac–Moody group may
be defined as a certain colimit. This approach is due to Abramenko–Mu¨hlherr [1] as a generalization of Tits
original observation [11] concerning semisimple split algebraic groups/Lie groups, and has been topologized
as Theorem 7.22 of [7].
Definition 4. Starting with a two-spherical Dynkin diagram Γ, for each vertex i of Γ we define
Gi := SL2(R).
For each pair of vertices {i, j} with i 6= j we define G{i,j} to be the algebraically simply connected split real
Lie group of rank two whose Dynkin diagram is the full labelled subgraph of Γ on the vertices i and j. A
fixed choice of a root basis provides natural inclusion maps
Gi →֒ G{i,j}.
Now let δ denote the diagram given by the Gi and G{i,j} and these inclusion maps. The Kac–Moody group
G is now defined as the colimit of δ in the category of topological groups and, by [7], turns out to be a
Hausdorff topological group.
In case G admits a finite Weyl group it is abstractly isomorphic to an algebraically simply connected
semisimple split real Lie group and the thus defined topology coincides with its Lie group topology by an
open-mapping theorem, cf. Proposition 2.2 of [6] and Corollary 7.16 of [7].
Each of the standard rank one subgroups Gi ∼= SL2(R) admits a continuous involution θi induced by
g 7→ (gT )−1. By universality these involutions θi extend uniquely to an involution
θ : G→ G,
called the Cartan–Chevalley involution of G. We denote the set of fixed points, which is a subgroup of G,
by
K := Gθ = {k ∈ G | θ(k) = k}.
3 Reflection Spaces and Symmetric Spaces
We now recall some of the facts about symmetric spaces from [5] that are needed for the understanding of
our theorems and their proofs. One of the key ingredients is the following statement, which we will refer to
as the conjugation formula. It is lemma 2.4 in [5]; see also [3].
Lemma 5. Let X be a reflection space and x, y ∈ X. Let α ∈ Aut(X) be an automorphism of X. Then
α(sy) = sα(y).
In particular
sx(sy) = sx.y.
Here hg denotes the left-conjugation of g by h.
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This lemma makes a very strong statement about the relations that hold in the groupsG(X) or Trans(X).
In a sense all the computations done in this article can be carried out in the group that is freely generated
by the symbols sx, x ∈ X , modulo the relators s2x and sx(sy)sx.y−1.
A first application of the conjugation formula is the statement that for an embedded reflection space
ι : (Y, o) →֒ (X, o) of X the natural map Trans(X)∣∣
Y
→ Trans(Y ) induced by sι(y) ◦ so 7→ sy ◦ so, y ∈ Y , has
central kernel:
Lemma 6. Let Y ⊂ X be a subspace of the reflection space X. Then the natural map Trans(X)∣∣
Y
→
Trans(Y ) has central kernel.
Proof. An element g ∈ Trans(X)
∣∣
Y
in the kernel of that map acts trivially on the subspace Y ⊂ X . So by
the conjugation formula we get
g(sy) = sg(y) = sy,
for all y ∈ Y , so g centralizes the elements sy◦so for all y ∈ Y and, hence, lies in the center of Trans(X)
∣∣
Y
.
We conclude that for the proof of theorem 2 we need only show that the respective groups are perfect.
Another application of the conjugation formula is the following lemma, which makes use of axiom (RS4)
and so only applies to symmetric spaces:
Lemma 7. Let X be a symmetric space and let o ∈ X. Let H ≤ Aut(X) some subgroup. Then
StabH(o) = CH(so).
Proof. For any g ∈ StabH(o), we have that g(o) = o. This means with the conjugation formula that
g(so) = sg(o) = so,
so g ∈ CH(so). Now if g ∈ CH(so), we have sg(o) = g(so) = so and hence
g(o).o = sg(o)(o) = so(o) = o.o = o,
and with (RS4) it follows g(o) = o, so that g ∈ StabH(o).
For the understanding of the construction of a topological reflection space from a topological group G
together with a continuous involution θ ∈ Aut(G), we want to recall proposition 4.1 of [5], which we refer to
as the G/K-construction or the G/K-functor :
Proposition 8. Let G be a topological group and θ ∈ Aut(G) an involution. We denote K := Gθ the fixed
point set of θ and
τ : G → G
g 7→ gθ(g)−1,
the so-called twist map. Then the coset space G/K becomes a topological reflection space with the reflection
map
µ : G/K ×G/K → G/K
(gK, hK) 7→ τ(g)θ(h)K.
If furthermore K ∩ τ(G) = {e}, then X is also a symmetric space.
Now if we have two groups G and H and involutions θG ∈ Aut(G) and θH ∈ Aut(H) satisfying the
conditions of proposition 8, and a group homomorphism ϕ : G→ H respecting the involutions,
φ ◦ θG = θH ◦ φ,
then there is an induced map G/KG → H/KH , which is a morphism of symmetric spaces. So the G/K-
construction can be thought of as a functor from the category of topological groups with involutions to the
category of pointed topological reflection spaces, the basepoint being the coset o = K = eK ∈ G/K.
This readily applies to the situation of the defining diagram δ of a Kac–Moody group G, yielding a
diagram δ′ of topological symmetric spaces.
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4 An extension theorem for embedded Riemannian symmetric
spaces
As pointed out in the section above (lemma 6), for proving theorem 2, we need only show that the groups in
question are perfect. To accomplish this, we intend to identify a generating system such that taking suitable
commutators reproduces this generating system. The proof is divided into two steps: First we are going to
prove the theorem for the special case that the embedded Riemannian symmetric space is the hyperbolic
plane, and then we extend this to the general case. The following proposition produces generating systems
for the groups we are looking at:
Proposition 9. Let G, K be as in the situation of proposition 8. Moreover, let (X, o) ⊃ (G/K, eK) be a
pointed reflection space containing G/K. Let {gi, i ∈ I} be a generating system of the group G. Furthermore,
let
Ti ∈ Trans(X)
∣∣
G/K
, i ∈ I
be elements that act on G/K via left multiplication with gi:
Ti(hK) = (gih)K,
for all i ∈ I and h ∈ G. Then the set {Ti, so(T−1i )} is a generating system of the group Trans(X)
∣∣
G/K
.
Proof. Since the gi are a generating system of G, any h can be written as a product
h = gǫ1i1 · · · gǫnin .
Now let us define
T := T ǫ1i1 · · ·T ǫnin .
We see with the conjugation formula, that for the elementary transvection defined by hK, we have
thK = shK ◦ so = T soT−1so ∈ 〈Ti, so(T−1i ), i ∈ I〉.
Finding elements like the Ti in the preceding proposition is not necessarily an easy task. But in the case
of the hyperbolic plane G/K ∼= H with G = SL2(R), K = SO(2) this is possible; the gi ∈ SL2(R) we are
aiming for are the shear matrices (
1 t
0 1
)
,
(
1 0
t 1
)
, t ∈ R \ {0},
which are well-known to generate SL2(R). An elementary transvection tgK acts on an element hK in the
following way:
tgK(hK) = sgK(seK(hK)) = sgK(τ(e)θ(h)K) = (τ(g)h)K.
In the case of G = SL2(R) the map τ sends g to gg
T and in the case that g is a symmetric matrix this is
just g2. So in order to find the Ti we wish to express the shear matrices as products of positively definite
symmetric matrices, as these allow for taking square roots. By [2] every unipotent matrix in SL2(R) is
a product of at most three symmetric positive definite matrices; the following lemma gives explicit such
symmetric positive matrices.
Lemma 10. The matrices
A(t) := 1√
2
(
3t −1
−1 1t
)
,
B(t) :=
(
1
t 1
1 2t
)
,
C :=
( 1√
2
0
0
√
2
)
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are symmetric, positive definite and of determinant 1 for all t ∈ R \ {0}. Furthermore
A(t)B(t)C =
(
1 t
0 1
)
,
CB(t)A(t) =
(
1 0
t 1
)
,
CA(t)C = A(t/2),
C−1B(t)C−1 = B(t/2).
Proof. This is a straightforward calculation.
We are going to use the last two equations of the lemma for a computation of relations in the group
Trans(X)
∣∣
H that will allow us to establish its perfectness.
The next lemma produces two sets of generators for the group Trans(X)
∣∣
H acting via left multiplication
with shear matrices on an embedded hyperbolic place H = SL2(R)/ SO(2) →֒ X .
Lemma 11. We denote by a(t), b(t) and c the respective square roots of the matrices A(t), B(t) and C of
lemma 10. For brevity we write [g] for the coset g SO(2) ∈ H = SL2(R)/ SO(2). If X ⊃ H is a symmetric
space containing H, then both the sets
{x+(t), x−(t) | t ∈ R \ {0}}
and {x+(t/2) · x+(t)−1, x−(t) · x−(t/2)−1 | t ∈ R \ {0}},
where
x+(t) := t[a(t)] ◦ t[b(t)] ◦ t[c]
x−(t) := t[c] ◦ t[b(t)] ◦ t[a(t)]
are generating systems of Trans(X)
∣∣
H.
Proof. As noted before, the elementary transvections t[a(t)], t[b(t)], t[c], act by left multiplication with A(t),
B(t) and C respectively. But since
A(t)B(t)C =
(
1 t
0 1
)
by lemma 10, we get that x+(t) acts by left multiplication with
(
1 t
0 1
)
.
Similarly x−(t) acts by left multiplication with
(
1 0
t 1
)
.
Finally the elements x+(t/2) · x+(t)−1 and x−(t) · x−(t/2)−1 act by left multiplication with the matrices(
1 −t/2
0 1
)
resp.
(
1 0
t/2 1
)
.
Now for any elementary transvection tx, we have that
so(t−1x ) = tx, so that
x−(t) = so(x+(t)−1),
which proves the statement of the lemma after applying proposition 9.
We are now in a position to prove theorem 2. We will start with the situation of an embedded hyperbolic
plane.
Proof of theorem 2 for embedded hyperbolic planes. We claim that the following equalities hold:
[t[c], x+(t)] = x+(t/2) · x+(t)−1,
[x−(t), t−1[c] ] = x−(t) · x−(t/2)−1.
6
If we can prove these equalities, we have shown, by lemma 11, that the commutator subgroup of Trans(X)
∣∣
H
contains a generating system and hence is perfect. Moreover, the latter equality follows from the former by
inverting and conjugating with so, so it suffices to prove the former.
Since [t[c], x+(t)] =
t[c]x+(t)x+(t)
−1 it suffices to show that t[c]x+(t) = x+(t/2). But
t[c]x+(t) = t[c] ◦ t[a(t)] ◦ t[b(t)]
= s[c]sos[a(t)]sos[b(t)]so
= s[c]s[θa(t)]s[c]s[c]s[b(t)]so
= s[(τc)a(t)]sosos[c]s[b(t)]s[c]s[c]so
= s[(τc)a(t)]sosos(τc)θb(t)sosos[c]so
= s[(τc)a(t)]sos[(θτc)b(t)]sos[c]so
= s[c2a(t)]sos[c−2b(t)]sos[c]so.
So it remains to show that [c2a(t)] = [a(t/2)] and [c−2b(t)] = [b(t/2)], i.e. that
a(t/2)−1c2a(t) ∈ SO(2)
and b(t/2)−1c−2b(t) ∈ SO(2).
But after lemma 10 we have
a(t/2)−1c2a(t) · (a(t/2)−1c2a(t))T = a(t/2)−1c2a(t)2c2a(t/2)2 = a(t/2)−1a(t/2)2a(t/2)−1 = 1,
and
b(t/2)−1c−2b(t) · (b(t/2)−1c−2b(t))T = b(t/2)−1c−2b(t)2c−2b(t/2)2 = b(t/2)−1b(t/2)2b(t/2)−1 = 1.
The general proof of theorem 2 now follows from classical structure results about Riemannian symmetric
spaces of non-compact type and semisimple Lie groups:
Proof of theorem 2 for embedded Riemannian symmetric spaces. Since Y is a Riemannian symmetric space
of non-compact type it follows that Y = G/K for G a real semisimple Lie group (see [8]). From Steinberg
(see [10]) we know that G is generated by subgroups Gα ∼= SL2(R), and that Kα := K ∩ Gα ∼= SO(2). So
Hα := Gα/Kα is a hyperbolic plane. The subgroups Trans(X)
∣∣
Hα are closed under conjugation with so
by the conjugation formula, since o = eK lies in every Hα. This means that Trans(X)
∣∣
Y
is generated by
the subgroups Trans(X)
∣∣
Hα , applying proposition 9. But the Trans(X)
∣∣
Hα are perfect, as we have already
proven the theorem for embedded hyperbolic planes – so Trans(X)
∣∣
Y
is perfect, too.
5 A universal property of Riemannian symmetric spaces and unre-
duced Kac–Moody symmetric spaces
Since, in the situation of theorem 2, the morphism Trans(X)
∣∣
Y
→ Trans(Y ) is a perfect central extension,
the universal central extension of Trans(Y ) acts on X by transvections. This can be used to prove that the
symmetric spaceG/K for an algebraically simply connected semisimple split real Lie group or an algebraically
simply connected two-spherical split real Kac–Moody group G is the colimit in the category of pointed
topological symmetric spaces of the induced diagram δ′ of the diagram δ of fundamental subgroups of rank-1
and rank-2 for which G = colim(δ), after applying the G/K-construction.
Proof of theorem 3. Applying the G/K-functor to the diagram δ → G, we see that G/K is a cocone for
the diagram δ′, so only universality needs to be checked. Let (X, o) be another cocone of δ′, i.e. there are
morphisms Gi/Ki → X , G{i,j}/K{i,j} → X , making the diagram δ′ → X commute. Let pi : G˜i → Gi
and pi,j : G˜{i,j} → G{i,j} be the universal central extensions. Then Gi/Ki ∼= G˜i/K˜i and G{i,j}/K{i,j} ∼=
G˜{i,j}/K˜{i,j}, where K˜i := p
−1
i (Ki) and K˜{i,j} := p
−1
i,j (K{i,j}). By theorem theorem 2 the universal central
extensions G˜i, G˜{i,j} act on X through transvections. Moreover, their subgroups K˜i and K˜{i,j} stabilize o.
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We conclude that the colimit of the diagram δ˜ of these universal central extensions, which coincides with
the universal central extension G˜ of G by Theorem B of [4], acts by transvections on X ; we denote this
action by
T : G˜→ Trans(X).
We denote the lift of the Cartan–Chevalley involution θ : G→ G to G˜ by θ˜. Certainly, K˜ := G˜θ˜ = p−1(K),
where p : G˜→ G is the canonical map, and
G˜/K˜ ∼= G/K.
We now define the morphism
G˜/K˜ → X
gK˜ 7→ T (g)(o).
This is a well defined map, since K˜ stabilises the base point o:
By lemma 7 the stabiliser StabTrans(X)(o) coincides with the centraliser CTrans(X)(so), so the fixed point
set of the conjugation with so. But since so(gK) = τ(e)θ(g)K = θ(gK), the map G/K → G/K induced by
θ coincides with so. Hence so does the map G˜/K˜ → G˜/K˜ induced by θ˜. Hence
T (K˜) = CTrans(X)(so) = StabTrans(X)(o).
To prove uniqueness of the morphism G/K → X , we note that SL2(R) is generated by symmetric,
positive definite matrices. For any such matrix g, we have τ(g) = g2 – now taking the square root h of g,
we have τ(h) = g. That means we can write any x ∈ SL2(R) as a product
x = τ(h1) · · · τ(hn),
for some n ∈ N. But since G is generated by subgroups isomorphic to SL2(R), this also holds for any x ∈ G
with the hj in suitable Gi ∼= SL2(R). But this shows that in the symmetric space G/K, we have
xK = h1.(o.(h2.(o . . . hn) . . . )),
i.e. that G/K is generated by the subspaces Gi/Ki. But the image of the morphism G/K → X on these
subspaces is already determined.
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